


dissociation rate) while the repressor is unspecifically 
bound, it will in fact be free in solution a great many 
times. If this process is interpreted as a phenomen- 
ological one-dimensional diffusion, it will introduce 
an ionic-strength dependence of the corresponding 
diffusion constant. Finally, in section 6 a brief sum- 
mary and discussion are given. 

2. Diffusion in an electrostatic potential; equilibrium 

effects 

The negatively charged DNA chain is in solution 
surrounded by a screened electrostatic potential V@). 
In the following it will be assumed that the DNA 
chain can be taken as a cylinder with radius’b and that 
the potential has cylindrical symmetry determined by 
the distance p from the cylinder axis. A positively 
charged particle will experience an attractive, i.e. 

negative potential. The free diffusion of particles 

outside the chain is given by 

or in cylindrical symmetry 

where ~(7, t) is the concentration of particles and D 
their difiirsion constant. k,Tis Bohzmann’s constant 
times the temperature. 

In the “closed-cell” approach [33 the chain is con- 

sidered as lying in the center of a large cylinder with 
impenetrable walls at p = R which gives the boundary 

condition 

C k+-- 1 

ap w 
av =o_ C- 

1 ap p=R 

At the chain surface the particle is absorbed with a 
certain probability which can be expressed by the 
boundary condition 

(2.4) 

I . 1 
b u-’ R 

s 

Fig. 1_ The screened electrostatic potential with cylindrical 
symmeby. The size of the barrier at p = ti is given by the in- 
trinsic reaction Late 2rrbk. For p > K-‘, the screening length, 
the potential goes quickly to zero. The distance R is several 
orders of magnitude larger than b. 

This follows from the assumption that the flux of 
particles onto the chain 

6 

is equal to the intrinsic reaction rate, ~&WC, times the 
concentration of free particles at the chain surface. 

In this way the association to the chain is described 

as a two-step process; fust the ekctrostatic attraction 
in the potential well and then a discrete binding reac- 
tion with a certain activation energy (given by k, cf. 
fig. 1). This two-step division is consistent with the 
polydectrolyte theory of Manning [9,10] which 

divides the counterions bound to DNA into a con- 

densed layer around the chain and a diffuse screening 
layer outside. The last association step involves the 

displacement of the condensed ions and, if necessary, 
the establishment of specific interactions, structural 
changes etc. Consequently, the chain surface p =Zr 

should be taken as including the layer of condensed 

ions. 
The equilibrium distribution of particles can be 

determined after the introduction of the intrinsic 

dissociation rate h from the chain. Then detailed 

balance at the chain surface gives 

hug = 2zLrDkc(Q = i5), (2.6) 

where u. is the number of bound particles per unit 

length of the chain. The general time-independent 
solution to eq. (2.2) is 

Cco) = exp F-V(P)lkBTI 



where c1 and c2 are the integration constants. At 
equilibrium 

(2.8) 

which gives the mean concentration of free particles 

2~ exp [-V@)/kB T] dp. 

The number of bound particles is from eq. (2.6) 

2Lu,-, = 2~5~ exp[-V@)fkuT) 25rbDklh. 

Hence, the equilibrium dissociation constant for the 
chain is 

1 .- . 

P exP [- y(P)/k,T] dp. (2-9) 

With a potential like that of fig. 1 the largest contrrbu- 
tion to the integral comes from the region where 
VzOand 

KC = h exp [ V(b)/kB T] l4LDbk 

‘Ihe equilibrium constant for the unspecific binding 
is more commonly expressed in molar basepairs, as 
each basepair can be the beginning of a new binding 
site 

2L 103 A eWIV@)/kBTl 
KRD -7 KCN, = 

2iiDbk 
5 X lo-l4 M, 

_- 
(2.10) 

where iVA is Avogadro’s number and I * 3.4 X 1 0e8 
cm is the length of a basepair. It should be stressed that 
the intrinsic reaction rate, 2z-Dbk, is the quantity of 
primary physical signiCcance which is determined by 
the molecular properties. It must be independent of 
D. The parameter combination bk, which later turns 
out to be more useful, is consequently inversely pro- 
portional to the free diffusion constant D. 

As argued previously [4J, the equilibrium binding 
must be independent of how the DNA is organized in 
sclution, i.e. iike a flexibie chain (random coil) and 
not like a rigid rod as assumed in the derivation above. 
This argument is still valid as long as the chain is 
not packed SD tightly that the screened potentials over- 

lap- 

From the equilibrium constant we can derive the 
mean tune r2 for the reassociation to any site on any 
chain for a particle which has just dissociated [4] 

(2.11) 

Here ?ro is the concentrations of chains in solution 
(number of chains per unit volume) or, whenKRD is 
used, D, is the total concentration of unspecific DNA 
(molar basepairs). 

3. Mean-time calculations 

It was shown previously [3,4] that the mean time 
of association to a specific site (the operator) on the 
chain can be expressed as 

7 = IV(r2 + 1 /X) =Nr;!(l f- ?Zo/Kc). (3-l) 

Here a term due to the unspecific association time has 
been neglected; it will be important only for short 
chains. As l/h is the mean residence time at an un- 
specific site and r2 from eq. (2.11) is the mean re- 
association time, N can be interpreted as the mean 
number of visits to the chain before the specific site 
is found. It is this quantity which contains all detailed 
information about the association process. 

For the case of a long DNA chain in the shape of 
a random coil, IV can be calculated by separating the 
reassociation flux for a particle, which has just dis- 
sociated from an unspecific site on the chain, into 
two components [4] : q(r) giving the reassociation to 
a site close (as measured along the chain) to the original 
site, and G(t) describing the reassociation to an un- 
correlated site i.e. when the particle has diffused 
through the COti or to another coil. These fluxes are 
coupled through the requirements: 

1 = f [q(t) + $I (t)] dt = &O) + 3 (0), 
0 

(3-2) 

i.e. the particle is reassociated with certainty at some 
time; and 

_ - 
‘2 - i t [q(r) + + (t)] dt = -[z’(O) +- s ‘@)I, (3.3) 

0 

i.e. the mean time for reassociation is that given by the 



equilibrium binding, eq. (2.11). G(s) and g(s) are 
the Laplace transforms of y(z) and o(r) which are 
easier to handle for mean-time caJcuJations. 

III the appendix of ref. [4) it was shown that 

N= [l - 3(0)]-‘[ (& L2 [I - 3(o)])1’z 

X coth (3-4) 

where 2.L & the total length of the chain and D1 is 
the diffusion constant for the proposed onedimen- 
sional diffusion along the chain. Thus, it suffic& to 
calcukte G(O) = Iw&)dt which simply is the frac- 
tion of the total rOeassociation flux which goes to sites 
close to the original one. Actually, the approximation 
leading to eq. (3.4) is equivalent to the assumption 
that these “close” sites are lumped together at the 
site of the original one. The implications of this as- 
sumption will be discussed further in section 5. 

Assuming that the particle starts at the distance 
p’ from the chain axis, z(s) can be calculated from 
the Laplace transformed version of the diffusion 
equation (2.2) 

with the boundary condition at the chain surface, eq. 

(2.4) 

(3.6) 

To get rid of the particles that stray too far from the 
chain and should be included in the fhrx G(t), one 
can use an absorbing boundary condition at the dis- 
tance p = R, 

Z(p=R,)=O. (3-7) 

R, is a measure of the compactness of the coil (cf- 
ref. [4] where it was cahed R) and should not be con- 
fused with the quantity R of the preceding section 
which is a measure of the overall concentration of 
DNA in solution [33. 

Now, the reassociation to correlated sites is given by 

G(s) = EI~I 2iiiDbk &, s) 

p’+b 

(3-8) 

As we are primariIy interested in z(O) we can Jet 
s + 0 in eqs. (3.5)-(3.8). The solution is then simple. 
It is the Green’s function 

XP,O)=g(CQ’), 

which h-t the Jimit p’ + 21 takes the form 

(3-9) 

g(P, b) = (ll2srD) 

exp[-Vy@)/k$I /s?-’ expP%)/QrTIdp 

x bk eip[-V(b)/k&“] /~c-lexp[VWkBTldp+ 1 

(3.10) 

Jn the Jimit V= 0 we recover the previous result 143 

G(O) = Ek In(R&)/ [bk ln(R@) •t 11 - (3.11) 

Jn a similar manner we can also calculate the mean 
time for the correlated reassociation. The normahzed 
flux is &s&$0). Hence, the mean time for each dis- 
sociation which does not lead to an uncorrelated site is 

*C 
= -3’(o)/;(o). (3.12) 

This can also be calculated without the fuJJ solution 
of G(s) as foJJows. Taking the derivative of the equa- 
tions (3.5)-(3X) with respect to s and letting s + 0 
one gets a set of equations for X.(p) E lirn& dF/ds, 
where <u(p) E -r&O) appears similarly to an initial 
condition. As the Green’s function soJution,g@,p’), 
is known one gets 

RC 

FL(p)= -J 27i-p ~,,(P’h=@, p’)dp’- (3.13) 
b 

Hence, from (3-S), (39), (3.13) and the fundamental 
property of the Green’s functiong@,p’)=g(p’,p) 
one gets 

RC 
~;‘(0)=2nDbk~&~=b)=-25rDbk$ 2a-pw,b)]2dp. 

b 
(3.14) 

In the Jimit V@) = 0 we find 

(3.15) 

The approximation is only the assumption R,S b. The 
meaning of rc wiJl be discussed further in section 5. 
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4. Ionic-strength effects 

The ionic-tirengh dependence of the unspecific 
binding has been treated in depth by Record and co- 
workers [6-S] in the framework of Manning’s poly- 
electrolyte theory [9,10]_ Below we shall relate the 
parameters of the previous sections to this theory. 

According to Manning [9] the number of positive 
ions condensed on the DNA chain is independent of 
the ionic strength which instead determines the 
screening length tc-r of the potential. In the cylindrical 
symmetry the electrostatic potential for a positive 
test charge can be taken as [9] 

v@)lk$‘= -2K&), 

Ko is a modified Bessel function of the second kind 
which quickly goes to zero when p > IL-’ _ If it is 
assumed that the repressor attraction can be descnied 
by Npositive charges on its DNA-binding site, this 
expression should be multiplied by J’K When a bulky 
molecule, like the repressor, approaches the chain it 
will dispIace the screening ions. As this requires work, 
a positive term should also be added to the potential. 
hence, for the repressor 

%)/kB T = -2mo (‘W) + vs@)> (4.1) 

where Vs is the contribution from the displacement of 
the screening ions. There may be other contributions, 
such as the interaction from negative charges on the 
repressor. For the present analysis, however, the exact 
form of the potential is not needed. 

Record et al. [6-S] have shown that the ionic- 
strength dependence of the unspecific binding constant, 
is determined primarily by the release from the chain 
of the bound ions. In the absence of divalent ions, 
which complicate the binding, the dissociation con- 
stant is proportional to the ionic strength, I, to the 
power of the number of ions released in the association, 
K =Z”. E 

The intrinsic dissociation rate, h, can be assumed 
independent of ionic strength as it describes a dissocia- 
tion in the unscreened electrostatic potential just far 
enough to give the counterions space to recondense. 
Thus, in our pictuie, eqs. (2.9)-(2.10), the competi- 
tion effect will enter through the factor 2riDbk 
exp[-V(b)/kgT] “Kc1 aYl”. This factor has the 
same division between condensed ions and screening 
ions as used by Record et al. [6] since the intrinsic 

reaction rate 2rrDbk is concerned o-nly with the con- 
densed ions; from cq. (4.1) the factor exp[- V(b)/kBT] 
carries the dependence on the number of screening 
ions displaced. Although the variability is introduced 
solely in the ~UPWQZS~C associizrion rate, it should be 
stressed that for the commonly measured global rates 
it will show up in the global dissociation rate as long 
as the association is diffusion controlled (i.e. bk > 1). 
Cf. eq. (4.3) below where the global dissociation rate 
A has the same ionic-strength dependence as the 
equilibrium constant when bk 3 1 _ See also ref. [ 111 
for a more thorough discussion of the intrinsic rates. 

The association rate to the specific operator site 
can now be expressed as (eqs. (2.1 l), (3.1) (3.4) and 

(3.10)) 

kaEl= 1 h 1 h -= - 
no’ 1 + “ofI& IVK, I i- IZo& Kc 

x [(AL2/or)ln coth(A&Dt)1’2 - 11 -I 

cm3s-’ (4.2) 

where 

A= X[l -q(O)] = h 
1 

bk exp[-V@)/kgT] 

x &-I exp ]V(p)/kuTl dp + 1 - 
b I 

(4.3) 

A is the ‘Gglobal dissociation rate” from the unspecific 
sites in the sense that AJ/x is the fraction of all disso- 
ciations which goes to uncorrelated chain segments 
as described above. The expression (4.2) may look dif- 
ferent from our previous result 143 also in the limit 
V+ 0 when they should be identical. This is because 
the previous treatment was concerned only with the 
experimentai data of FGggs et al. ]I] for which the 
approximations spelled out in the appendix of ref. 
[4] were justified; i.e. A.L2/Z11 S l_ For the present 
purpose the full expression above is needed. 

The ionic-strength dependence of the association 
rate k, from eq. (4.2) comes predominantly from the 
competitive binding of ions through the factor 
bk exp[-V(b)/kBT] 0~ Kc1 as discussed above. This 
influence can be taken into account simply by using 
the experimentally determined ionic-strength de- 
pendence of the unspecific binding. In this way it is 
not important that V(b) from eq. (4.1) is not adequate- 
ly determined. 
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Fig. 2. Predicted ionic-strength dependence of k,. The rela- 
tion between the pammeters of eqs. (4.2)-(4.3) and the 
ionic strength is given by the experimentally determined 
dependence of the unspecific binding and eq. (2.10), as dis- 
cussed in the text. The data used are: 22, = 1.6 X 10m3 cm, 
D = 5 X I 0b7 cm’ s-‘, In&/b) = 3 and the operator concen- 
tration = 1.1 lo- l2 M. (a) -, result in the presence of I&? 
To provide a good tit with the data points l of Riggs et al. 
[I 1, the parameters have been chosen h = lo3 5-I and 
D1 = 1.7 X lo-’ cm2 SK’. From eq. (2.10) and ref. 1121 
I = [log(ubk)f9.8]2. (The agreement at I = 0.01 M may be 
fortuitous as this point was measured Il] in a buffer with 
lower Mg** content). (b) ---_-_, result in the absence of 
Mg2*_ A and DI chosen the same as in case (a) above. From 
ref. [ 131 and eq. (210) I = 0.1 (0.27 h/bk)“-l _ (c) - - -, 
the ame as in case (b) above, onlyD1 chosen a factor of 10 
smaller, Dx = 1.7 X lo-‘O cm2 s-r. The data points o are 
from M.D. BarHey (unpublished results) under ionic condi- 
tions similar to ref. [13]. 

Apart from this competition, which is an equihb- 
rium effect, there is also the kinetic effect from the 
screened potential on the free diffusion. This screen- 
ing effect is expressed by the inregral in eq. (4.3) 
which takes its maximum value for V+ 0 or K + 0 
when it is 

The error in using eq. (4.4) as an approximation is 
-ln(kb). As k-l = 31--112 A [IO], the integral can 
have a value appreciably smaller than ln(Rc/b) only 
at very low ionic strergth (I< 0.01 M). Numericahy 
it can also be shown that the variation of the integral 
with ionic strength is very slow. Eq. (4.4) consequent- 

ly gives a good approximation for the experimentally 
studied situations and will be used in the following. 
At lower ionic strength, the increase in the screening 
length would serve to further increase the specific as- 
sociation rate. This is due not so much to an increase 
in the effec:ive reaction radius but rather to a more 
efficient reflection; i.e. a particle in the potential well 
will have a much h%her probability of returning to 
the chain in the more slowly varying potential, thus 
providing a more efficient channelhng along the chain. 

in principle, also the one-dimensional diffusion 
constant D, could depend on the ionic strength. The 
condensed ions, however, are very mobile along the 
chain [IO]. and should not be much of a hindrance 
for the repressor movement. Thus, D1 will be as- 
sumed constant in the following. 

In fig_ 2 the predicted ionic-strength dependence 
of 7& is shown under some different conditions. In 
the presence of M2’, log Kc can be represented as a 
linear function of the square root of the ionic strength. 
11i2 [12]. From eqs. (42)--(43) it is seen that 

k,=Kc -‘I2 when bk S I (i.e. a diffusion-controlled 
unspecific association where A =Kc) and AL2/., S 1. 
This is the case discussed previously [3,4] _ The fit 
with the experimental data of Riggs et al. [l J can be 
improved when it is observed that k, appears to behave 
proportionafly to K;’ for I> 0.15 M- This would cor- 
respond to the limit when the unspecific association 
becomes reaction controlled, i.e. when A of eq. (4.3) 
approaches X. This behaviour provides a possibility of 
separately determining the intrinsic parameters h and 
bk which otherwise always appear in the combination 
h/bk = KC_ A choice of h = IO3 s-l produces the full 
line in fig. 2. The data are insecure, however, and on 
this point no deftite conchrsions should be drawn. 

The much stronger ionic-strength dependence of 
the unspecific binding in the absence of Mg2+ [s] 
produces a quite different behaviour of the association 
rate for this case (the broken curves of fig- 2). The 
predicted levelling-off at low ionic strength is due to 
the very strong unspecif% binding making the argument 
of the coth-function in eq. (42) very small. This 
means that the whole length of the chain serves as an 
extended tazet for the association. In fact, when 
bk +- CQ in eq. (4.2) one fmds 

ka = 3D1 /noL2, (4.5) 

i.e. inversely proportional to the operator concentra- 



tion and the square of the chain length. Thus, in this 
limit the association rate is determined by the speed 
of the one-dimensional diffusion. Also, the screening 
effects of eq. (4.4), which in principle would be most 
important at low ior& strength, disappear completely 
from k, in this limit. 

A fairly good agreement between the predictions of 
the model and the experimental data (M.D. Barkley, 
unpublished results) can be achieved ifit is assumed 
that D is an order of magnitude slower in the absence 
ofMg A( curve c of fig. 2). This agreement is en- 
couraging though it is still premature to draw any 
definite conclusions as more detailed experiments are 
needed; i.e. the levelling-off at lo-v ionic stren$h 
should be confiied as well as the apparent first- 
order nature of the reaction in this limit, eq. (4.5). 
In particular, the unspecific binding constant under 
exactly the same experimental conditions needs to 
be determined as the result is quite sensitive to varia- 
tions here. 

That the one-dimensional diffusion may be an 
order of magnitude slower in the absence of Mg2+ is 
very interesting and could possibly be interpreted as 
a structural effect of DNA. As the M2’ ions stabiliie 
the helix, it is conceivable that a bound repressor 
will find neighbouring DNA segments in a more suitable 
configuration for binding and consequently it would 
be more likely to diffuse along the chain in the pres- 
ence of Mg2*. This should also stren@hen the in- 
trinsic binding such that Mg’+ would make A smaller. 

It should be stressed that the curves are very in- 
sensitive to variations in h, even for changes in the 
order of magnitude. Only the tails of the curves at 
high ionic strength are pushed slightly upwards when 
X-Y -(the ccmpletely diffusion-controlled case). An 
increase in D1, however, lifts the curves proportional- 
ly to + 
of M2 

except at low ionic strength in the absence 
when they are lifted proportionally to D, 

(cf. curves b and c of frg- 2). Thus D1 is the important 
independent parameter of this model. 

5. Implications and extension of the model 

Our calculations [3,4] were intended to give a 
more detailed picture of the Richter and Eigen model 
[2]. In a recent contribution Schranner and Richter have 
also extended this model using a steady-state assump- 

tion. The similarities and differences between the 
approaches are now fairly obvious. There is no funda- 
mental difference between a mean-time and a steady- 
state calculation which is also indicated by the con- 
vergence of our results [4,53, when due account is 
taken of tl:e competition effects from the unspecific 
binding which Schrarmer and Richter have neglected_ 
There is one significant difference in the’ underlying 
assumptions, however. We use an intrinsic dissociation 
rate, X, which gives a physical significance also to the 

very shortlived dissociations which do not contribute 
to the global rate A. These rates are related as 

A= X[l - (p(O)] + X/[bk In(R,/b) + 11, 
IL-+= 

(5.1) 

as 1 - z(O) from eq. (3.1 I) is the total fraction of dis- 
sociations leading to a global dissociation. It is this 
rate A which should be identified with the dissociatror 
rate X used by Schranner and Richter [S]. 

The general theoretical justification for and implica 
tions of this intrinsic rate have been discussed else- 
where [l l] _ As long as the association is diffusion 
controlled, Afi < 1, there will be a great many local 
dissociations (given by h) to each global one (given by 
A). During each local dissociation, the particle will 
be free in solution and able to move with (almost) 
the free diffusion constant D_ This possrbility is 
neglected in the steady-state approach of Schranner and 
Richter. The fact that our results are still convergent 
depends on the approximation leading to eq. (3.4) 
which was equivalent to the assumption that the local 
dissociations did not involve any movement along the 
chain. Thus, while our calculations [4] did contain all 
the information about the correlated motion, in the 
fina step it was approximated away. While this appror 
h-nation gave a consistent estimate of D, it was depen- 
dent on the assumption of a strongly diffusion-con- 
trolled unspecific association- This may not be the 
case for higher ionic strength when the competition 
effects will lower the intrinsic reaction rate. Below 
we shall give an estimate of the influence from the 
local dissociations which have been neglected previous! 

During each visit to the chain, the particle will 
travel the mean distance 

I1 = (201 /X)1/2. (5.2) 

Neglecting, for simplicity, the effects of the electro- 
static potential well, we can use rc of eq. (3.15) to 
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one-dimensional motion, these distinctions must be 
borne in mind if experiments are designed to observe 
the diffusion along the chain and measure Dr _ 

6. Discussion 

The ionic-strength dependence of the lac repressor- 
operator association has been der-fved for the sliding 
model. As ii turns out, the effects from the screened 
potential on the free diffusion are negligible for all 
but the lowest ionic strengths for which there are no 
experimental data. The important contriiution comes 
from the competitive biding of ions to the unspecific 
DNA sites The result is dependent on the intrinsic 
reaction rates 2nBbk and X which are not yet ade- 
quately known. They can be determined from the ex- 
tent of diffusion control exhibited by the unspecific 
binding. So far, only the combination h/25rDbk a Kc 

is independently known. A good qualitative agreement 
between the predictions of the model and the experi- 
mental data can be achieved without a knowledge of 
the intrinsic rates, however, and they will be important 
only for the finer details of the curves. 

The need for these intrinsic reaction rates follows 
directly from the theory of diffusion-controlled asso- 
ciation [ 11 j_ They also give rise to a more curious ef- 
fect: the enhancement due to the local dissociations 
as discussed in section 5. Fortunately this effect is 
very small for the parameter values which appear 
reasonable in the lac repressor case. 

The result indicates that the repressor movement 
along the DNA chain is an order of magnitude slower 

@I - 10-l’ cm* s-l) in th e absence of M2’. If 
this interpretation is correct, also the intrinsic binding 
should be weakened such that X would be larger in 
the absence of Mg2* than in their presence. On the 
global scale, however, this effect is masked by the 
fact that Mg*” is a competitor to the repressor for 
the DNA sites. 

Due to the complicated geometry of the DNA 
chain in solution, we have to work with unspecific 
dissociation rates at three different levels. First, the 
intrinsic rate h describing a local dissociation which 
can be followed by a more or less immediate reassocia- 
tion. Then there is the rate A for the dissociations 
leading to reassociation to an uncorrelated chain seg- 
ment. The dissociation rate measured in a temperature- 

jump experiment, however, is again another entity, 
k, s KckA _ Here kA is the unspecif5c association 
rate determined by the size of the DNA coils in solu- 
tion [4]_ 

In response to the critisism of Schranner and Richter 
[5) of our usage of mean times, it should be stressed 
that this represents no fundamental difference from 
their steady-state approach. Mathematically, both 
methods correspond to the limit s + 0 in a Laplace- 
transformed solution and, as long as there is a 
dominant relaxation time in the system, both methods 
should pick it out accurately_ The mean-time calcula- 
tions, however, employ we&defined boundary condi- 
tions without the introduction of an ad hoc surface 
where the concentration is constant. The essential dif- 
ference between our methods lies in the different 
constraints used for the coupling between the one- 
and three-dimensional diffusion. We consider our usage 
of intrinsic reaction rates theoretically better founded 
and intuitively more clear than the division of flows 
used by Schranner and Richter. 
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