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“The Tepressor~operator association is treated in a model where the repressor molecule can find its specific binding site,
the operator, on a large PNA chain by performing a one-dimensional diffusion along the chain. The Ionie-strength depen-
demee is caloniated by introducing a sreened electrostatic potential around the DNA chain and coupling the free diffusion
of the repressor in this potential to the proposed one-dimensional diffusion along the chain. The main influence on the
association rate comes from the competitive binding of tons to the unspecific DNA sites. It is also demonstrated that during
the time that the repressor is bound in a global sense, the diffusion along the chain will be made up of a strictly one-~
dimensional motion over fairly short distances, interspersed with many local dissociations during which the repressor in

essence is free In solution.

i. Introduction

The anomalously high association rate {1] of the
lac repressor to its specific binding site, the operator,
on & long DNA chain can be explained by assuming
that the repressor can slide along the unspecific DNA
sites in a one-dimensional diffusion. Richter and Eigen
[2] showed that the association can be speeded up
considerably in this manner by calculating the associa-
tion rate to a rod-shaped spheroid with a length equal
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the chain while unspecifically bound.

In a more detailed treatment of the association pro-
cess in this model we considered the whole length of
the DNA chain, first as a rigid vod [3] and thenasa
random coil {41, and treated the diffusional motion
of the repressor as a coupling between the proposed
one-dimensional diffusion along the chain and the
three-dimensional one in solution.

For an experimental verification of the model, some
interesting questions remained. Namely, how will the

assoeiation rate depend on the total lteng‘h of the

DNA chain, and how will #t be influenced by variations
in the experimental conditions. The first of these
questions was recently addressed by Schranner and

Richter 151 who derived the length dependence,

partxcalar}y for faxx}y short chams w;thcut appreciable
eofling.

In the following we shall confine our interest to
Iong DNA chains (~ phage DNA) in the shape of rand-
om coils and derive the ionic-strength dependence of
the association process. An interesting length depen-
dence appears also in this case. The calculations are
based on mean times which in part are related to the

equilibrium unspecific binding constant. In sections
2 and 3 these anantities are recaloulated by rnnmr%pnna
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the diffusion in a screened electrostatic potential
around the DNA chain. The salt effects come from
two sources, the screening length of the potential

and the competition from the bound fons to the DNA.
The competition effects on the unspecific binding
have been derived by Record and coworkers [6~-8] in
the framework of Mannings polvelectrolyte theory
{9,10]. In scction 4 we relate the parameters of our

results to these theories. In section 5 the predictions
are amended by noting that the proposed one-dimen-
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sional dxffusmn along the chain shouid not be inter-
preted as 2 motion strictly along the chain. Instead,
the theory of diffusion-controlled association leadsto
the conclusion that during the time {given by the globa
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dissociation rate) while the repressor is unspecifically
bound, it will in fact be free in solution a great many
times. If this process is interpreted as a phenomen-
ological one-dimensional diffusion, it will introduce
an ionic-strength dependence of the corresponding
diffusion constant. Finally, in section 6 a brief sum-
mary and discussion are given.

2. Diffusion in an electrostatic potential; equilibrium
effects

The negatively charged DNA chain is in solution
surrounded by a screened electrostatic potential V{(p).
In the following it will be assumed that the DNA
chain can be taken as a cylinder with radius b and that
the potential has cylindrical symmetry determined by
the distance p from the cylinder axis. A positively
charged particle will experience an attractive, i.e.
negative potential. The free diffusion of particles
outside the chain is given by

g—f=1)v2 +£- ve-vr+ 2. ov2, @.1)
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or in cylindrical symmetry
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where c(, 7) is the concentration of particles and D
their difiusion coanstant. k5T is Boltzmmann’s constant
times the temperature.

In the “closed-cell” approach [3] the chain is con-
sidered as lying in the center of a large cylinder with
impenetrable walls at p =R which gives the boundary
condition

dc 1 oV
[ap ¥ 7T 90 - =0. 2.3)

At the chain surface the particle is absorbed with a
certain probability which can be expressed by the
boundary condition
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Fig. 1. The screened electrosiztic potential with cylindrical
symmetry. The size of the barrier at p = & is given by the in-
trinsic reaction rate 2xDbk. For p > k%, the screening length,
the potential goes quickly to zero. The distance R is several
orders of magnitude larger than b.

This follows from the assumption that the flux of
particles onto the chain

R
oc
) =— 27p — dp 2.5)
bf ar

is equal to the intrinsic reaction rate, 27bDk, times the
concentration of free particles at the chain surface.

In this way the association to the chain is described
as a two-step process; first the electrostatic atiraction
in the potential well and then a discrete binding reac-
tion with a certain activation energy (given by £, cf.
fig. 1). This two-step division is consistent with the
polyelectrolyte theory of Manning [9,10] which
divides the counterions bound to DNA into a con-
densed layer around the chain and a diffuse screening
layer outside. The last association step involves the
displacement of the condensed ions and, if necessary,
the establishment of specific interactions, structural
changes etc. Consequently, the chain surface p =&
should be taken as including the layer of condensed
joms.

The equilibrinm distribution of particies can be
determined after the introduction of the intrinsic
dissociation rate A from the chain. Then detailed
balance at the chain surface gives

Nug = 27bDkel(p = b), 2.6)

where ug is the number of bound particles per unit
length of the chain. The general time-independent
solution to eq. (2.2) is

clp) = exp[-V(p)kgT]
P
X {cl +ep f p7 exp[M(p)/kgT] dp’ .7
b
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where ¢4 and ¢, are the integration constants. At
equilibrium
o) =y exp [~ V(p)kpT], (2.8)
which gives the mean concentration of free particles
cy R

n=——— J 2mp exp[-V(p)/kp T] dp.

7(R? - b?) 5
The number of bound particles is from eq. (2.6)
Hence, the equilibrium dissociation constant for the
chainis _

_ n_AexplV(®)kgT]

€T 2Lug  4alDbk

2 2
X —=— [ pexpl-Wp)/kgT] dp. (2.9)
R2 _ bZ 5[
With a potential like that of fig. 1 the largest contribu-
tion to the integral comes from the region where

V=0 and
K= Aexp (V@) kg T1/47LDbk.

The equilibrium constant for the unspecific binding

is more commonly expressed in molar basepairs, as

each basepair can be the beginning of 2 new binding

site

AexplV(b)/kpT]
2#Dbk

2L
7

sx107 14w\,
(2.10)
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where N, is Avogadro’s number and / = 3.4 X 10~8
cm is the length of a basepair. It should be stressed that
the intrinsic reaction rate, 2aDbk, is the quantity of
primary physical significance which is determined by
the molecular properties. It must be independent of

D. The parameter combination b%, which later turns
out to be more useful, is consequently inversely pro-
portional to the free diffusion constant D.

As argued previously [4], the equilibrium bindirg
must be independent of how the DNA is organized in
scluiion, i.e. like a flexible chain (random coil) and
not like arigid rod as assumed in the derivation above.
This argument is still valid as long as the chain is
not packed so tightly that the screened potentials over-
lap.

From the equilibrium constant we can derive the
mean time 7, for the reassociation to any site on any
chain for a particle which has just dissociated [4]

_1Xc_1 Krp

X 2D - @11

T

Here ng, is the concentrations of chains in solution
(number of chains per unit volume) or, when Kgp, is
used, D, is the total concentration of unspecific DNA
(molar basepairs).

3. Mean-time calculations

It was shown previously [3,4] that the mean time
of association to a specific site (the operator) on the
chain can be expressed as

T=N(7y +1/A) =N7y (1 + ny /K ). (3.1)

Here a term due to the unspecific association time has
been neglected; it will be important only for short
chains. As 1/ is the mean residence time at an un-
specific site and 7, from ¢q. (2.11) is the mean re-
association time, NV can be interpreted as the mean
number of visits to the chain before the specific site
is found. It is this quantity which contains all detailed
information about the association process.

For the case of a long DNA chain in the shape of
a random coil, V can be calculated by separating the
reassociation flux for a particle, which has just dis-
sociated from an unspecific site on the chain, into
two components [4]: o(z) giving the reassociation to
a site close (as measured along the chain) to the original
site, and (¢) describing the reassociation to an un-
correlated site i.e. when the particle has diffused
through the coil or to another coil. These fluxes are
coupled through the requirements:

1= [ [o@+y @1 dr =30) + T ), (G2)
0

i.e. the particle is reassociated with certainty at some
time; and

o)

= [ tle@+y @] dt=—[E'©@+T'©@). (G-3)
(]

i.e. the mean time for reassociation is that given by the
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equilibrium binding, eq. (2.11). ¢(s) and P (s) are
the Laplace transforms of ¢(7) and () which are
easier to handle for mean-time calculations.

In the appendix of ref. [4] it was shown that

_ A - 1/2
N=]1 - sa(O)]-‘[LD—l %[ — «,a(O)]}

A L2 ~ ) Y2 -'
Xcoth{=— L*[1 — 0(0)] —11, (3.4)
{Dl ] d
where 2L is the total length of the chain and D; is
the diffusion constant for the proposed one-dimen-
sional diffusion along the chain. Thus, it suffices to
calculate g(0) = f * (¢)dr which simply is the frac-
tion of the total reassociation fiux which goes to sites
close to the original one. Actually, the approximation
leading to eq. (3.4) is equivalent to the assumption
that these ““close”™ sites are lumped together at the
site of the original one. The implications of this as-
sumption will be discussed further in section 5.

Assuming that the particle starts at the distance
p’ from the chain axis, @(s) can be calculated from
the Laplace transformed version of the diffusion
equation (2.2)

~ 1 w_nla[oe, 1 a3V
sc—z—ﬂ;, 6(p——p)——Dp$[pap+L—’——-BTpc a0 )
3-5)

with the boundary condition at the chain surface, eq.
249

ac . 1 aV] G.6)

ol n = =l ———
kelp =b) [ap kBTcap

To get rid of the particles that stray too far from the
chain and should be included in the fiux ¥(#), one
can use an absorbing boundary condition at the dis-
tance p = R,

Zp=R)=0. (X))
R, is a measure of the compactness of the coil (cf.
ref. [4] where it was called R) and should not be con-
fused with the quantity R of the preceding section
which is a measure of the overall concentration of

DNA in solution [3].
Now, the reassociation to correlated sites is given by

¢(s) = lim 2aDbk c(p, ) (3-8)
b
p'~h
As we are primarily interested in @(0) we can let
s~> 0 in egs. (3.5)—(3.8). The solution is then simple.
1t is the Green’s function

(0, 0)=g(p.0"),
which in the limit p” = b takes the form
g(p, b)= (1/2=D)
exp[—V(p)/kpT1 J =" exp[V(o)kpTldp
X bk expl—VB)kpT) fFc Lexp[V(p) kg Tldp+1

(39)

(3.10)

In the limit ¥ = 0 we recover the previous result [4]
@(0) = Bk In(R/p)/ bk In(R_/b) + 11 . (G311

In a similar manner we can also calculate the mean
time for the correlated reassociation. The normalized
flux is &(s)/A0). Hence, the mean time for each dis-
sociation which does not lead to an uncorrelated site is

7o = ~5'(0)/3(0). (.12)

This can also be calculated without the full solution
of @(s) as follows. Taking the derivative of the equa-
tions (3.5)—(3.8) with respect to s and letting s >0
one gets a set of equations for Fh(p) = limg_ g dc/ds,
where —¢(p) = —&{(p,0) appears similarly to an initial
condition. As the Green’s function solution, g(p, p"),
isknown one gets

Re
Zo(o) =~ [ 2ap &5 (p:p) P
b

Hence, from (3.8), (3.9), (3.13) and the fundamental
properiy of the Green’s function g(p, 0 )= g(p’, p)
one gets

(3.13)

Re
'(0) =2uDbk &(p = b) = —2Dbk [ 2aplg(p. b)) dp.
& (3.19)
In the limit V(p) =0 we find
R2
c i
7 (3.15)

<~ D IR /b)[ok In(R [6) + 1]

The approximation is only the assumption R > 5. The
meaning of 7 will be discussed further in section 5.
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4. Tonic-sirength effects

The ionic-strength dependence of the unspecific
binding has been treated in depth by Record and co-
workers [6—8] in the framework of Manning’s poly-
elecirolyte theory [9,10]. Below we shall relate the
parameters of the previous sections to this theory.

According to Manning [9] the number of positive
ions condensed on the DNA chain is independent of
the ionic strength which instead determines the
screening length k! of the potential. In the cylindrical
symmetry the electrostatic potential for a positive
test charge can be taken as [9]

W(p)kgT = —2K,(xp),

Ky is a modified Bessel function of the second kind
which quickly goes to zero when p > k1 Ifitis
assumed that the repressor attraction can be described
by NV positive charges on its DNA-binding site, this
expression should be multiplied by /V. When a bulky
molecule, like the repressor, approaches the chain it
will displace the screening ions. As this requires work,
a positive term should also be added to the potential.
Hence, for the repressor

V(p)kpT = —2NKo(kp) + Vo), @.1)

where ¥ is the contribution from the displacement of
the screening ions. There may be other contributions,
such as the interaction from negative charges on the
repressor. For the present analysis, however, the exact
form of the potential is not needed.

Record et al. [6—8] have shown that the ionic-
strength dependence of the unspecific binding constant,
is determined primarily by the release from the chain
of the bound ions. In the absence of divalent ions,
which complicate the binding, the dissociation con-
stant is proportional to the ionic strength, 7, to the
power of the number of ions released in the association,
K, =10,

The intrinsic dissociation rate, A, can be assumed
independent of ionic strength as it describes a dissocia-
tion in the unscreened electrostatic potential just far
enoﬁgh to give the counterions space to recondense.
Thus, in our picture, egs. (2.9)—(2.10), the competi-
tion effect will enter through the factor 2zDbk
exp[-V(6)kgT] <K' o IO, This factor has the
same division between condensed ions and screening
jons as used by Record et al. [6] since the intrinsic

reaction rate 2nzDbk is concerned only with the con-
densed ions; from eq. (4.1) the factor exp[— V{(b)/kp T}
carries the dependence on the number of screening
ions displaced. Although the variability is introduced
solely in the intrinsic association rate, it should be
stressed that for the commoniy measured global rates
it will show up in the global dissociation rate as long
as the association is diffusion controlled (i.e. bk > 1).
Cf. eq. (4.3) below where the global dissociation rate
A has the same ionic-strength dependence as the
equilibrium constant when bk > 1. See also ref. [11]
for a more thorough discussion of the intrirsic rates.
The association rate to the specific operator site
can now be expressed as (egs. (2.11), (3.1), (34) and

G.109)

t 1A 1A
ngt l+ng/K. NK. 1+ng/K K,

ka

X (AL2D P coth(ALZDHY? — 1772

cm’s™1 4.2)
where
A=Al —@@)] =2 {bk exp [ V(®)/kgT]
Rc
X f p Y exp[W(p)/kgT] dp + 1} . “.3)
b

A is the ““global dissociation rate™ from the unspecific
sites in the sense that A/A is the fraction of all disso-
ciations which goes to uncorrelated chain segments

as described above. The expression (4.2) may look dif-
ferent from our previous result [4] also in the limit
V' — 0 when they should be identical. This is because
the previous treatment was concerned only with the
experimental data of Riggs et al. [1] for which the
approximations spelled out in the appendix of ref.
[4] were justified;i.e. AL2/D 3 > 1. For the present
purpose the full expression above is needed.

The ionic-strength dependence of the association
rate k£, from eq. (4.2) comes predominantly from the
competitive binding of ions through the factor
bk exp[—~V () kgT) <K T as discussed above. This
influence can be taken into account simply by using
the experimentally determined ionic-strength de-
pendence of the unspecific binding. In this way it is
not important that V(b) from eq. (4.1) is not adequate-
ly determined.
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Fig. 2. Predicted ionic-strength dependence of k5. The rela-
tion between the parameters of egs. (4.2)—(4.3) and the
ionic strength is given by the experimentally determined
dependence of the unspecific binding and eq. (2.10), as dis-
cussed in the text. The data used are: 2L = 1.6 X 1073 cm,
D=5x%x10"7 cm®s™!, In(Rc/b) = 3 and the operator concen-
tration = 1.1 1072 M. (a) ——, result in the presence of Mg2™
To provide a good fit with the data points e of Riggs et al.
[1], the parameters have been chosen A = 102 s and

Dy =1.7% 107° em? s71. From eq. (2.10) and ref. [12]

7 = [log(A/BK)[9.8]3. (The agreement at 7 = 6.01 M may be
fortuitous as this point was measured [1] in a buffer with
lower Mg?* content). (b) ——.—., result in the absence of
Mg2*. A and D, chosen the same as in case (a) above. From
ref. [13] and eq- (2.10) 7 = 0.1 (0.27 A/Bk)Y® 1. (c) — — —,
the same as in case (b) above, only D; chosen a factor of 10
smaller, Dy = 1.7 X 10779 ¢m?2 s™1. The data points o are
from M.D. Barkley (unpublished results) vnder ionic condi-
tions similar to ref. {13].

" Apart from this competition, which is an equilib-
rium effect, there is also the kinetic effect from the
screened potential on the free diffusion. This screen-
ing effect is expressed by the inzegral in eq. (4.3)
which takes its maximum value for V- 0 or k = =

when it is
RC
p~ Y exp[V(p)/kpT] dp ~ In(R. /D). “.4)
b

The error in using eq. (4.4) as an approximstion is
~In(kb). As k1 = 37-12 & [10], the integral can
have a value appreciably smaller than In(R./b) only

at very low ionic strength (Z < 0.01 M). Numerically
it can also be shown thai the variation of the integral
with ionic strength is very slow. Eq. (4.4) consequent-

ly gives a good approximation for the experimentally
studied sjtuations and will be used in the following.
At lower jonic strength, the increase in the screening
length would serve to further increase the specific as-
sociation rate. This is due not so much to an increase
in the effective reaction radius but mather to a more
efficient reflection; i.e. a particle in the potential well
will have 2 much higher probability of retuming to
the chain in the more slowly varying potential, thus
providing a more efficient channelling along the chain.

In principle, also the one-dimensional diffusion
constant Dy could depend on the jonic strength. The
condensed ions, however, are very mobile along the
chain [10], and should not be much of a hindrance
for the repressor movement. Thus, D; will be as-
sumed constant in the following.

In fig. 2 the predicted ionic-strength dependence
of &, is shown under some different conditions. In
the presence of Mgz"', log K. can be represented as 2
linear function of the square root of the ionic strength -
72 [12]. From eqs. (4.2)—(4.3) it is seen that
k, = K72 when bk > 1 (i.e- a diffusion-controlled
unspecific association where A =<K ) and ALZ/DI > 1.
This is the case discussed previously {3,4]. The fit
with the experimental data of Riggs et al. [1] canbe
improved when it is observed that &, appears io behave
proportionally to KJ~ 1 for 7= 0.15 M. This would cor-
respond to the limit when the unspecific association
becomes reaction controlled, i.e. when A of eq. (4.3)
approaches A. This behaviour provides a possibility of
separately determining the intrinsic parameters A and
bk which otherwise always appear in the combination
Albk < K. A choice of A = 103 s produces the full
line in fig. 2. The data are insecure, however, and on
this point no definite conclusions should be drawn.

The much stronger ionic-strength dependence of
the unspecific binding in the absence of Mg2+ [81
produces a quite different behaviour of the association
rate for this case (the broken curves of fig. 2). The
predicted levelling-off at low ionic strength is due to
the very strong unspecific binding making the argument
of the coth-function in eq. (4.2) very small. This
means that the whole length of the chain serves as an
extended target for the association. In fact, when
bk == in eq. (4.2) one finds

ka = 3D1 /ﬂoLZ, (4'5)

i.e. inversely proportional to the operator concentra-
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tion and the square of the chain length. Thus, in this
limit the association rate is determined by the speed
of the one-dimensional diffusion. Also, the screening
effecis of eq. (4.4), which in principle would be most
important at low foniu sirength, disappear completely
from k in this limit.

A fairly good agreement between the predictions of
the model and the experimental data (QM.D. Barkley,
unpublished results) can be achieved if it is assumed
that D, is an order of magnitude slower in the absence
of Mg“* (curve c of fig. 2). This agreement is en-
couraging though it is still premature to draw any
definite conclusions as more detailed experiments are
needed; i.e. the levelling-off at 1o-v jonic strength
should be confirmed as well as the apparent first-
order nature of the reaciion in this limit, eq. (4.5).

In particular, the unspecific binding constant under
exactly the same experimental conditions needs to
be determined as the result is guite sensitive to varia-
tions here.

That the one-dimensional diffusion may be an
order of magnitude slower in the absence of Mgz"' is
very interesting and could possibly be interpreted as
a structural effect of DNA. As the Mg?" ions stabilize
the helix, it is conceivable that a bound repressor
will find neighbouring DNA segments in a more suitable
configuration for binding and consequently it would
be more likely t» diffuse along the chain in the pres-
ence of Mg?*. This should also strengthen the in-
trinsic binding such that Mg%* would make A smaller.

It should be stressed that the curves are very in-
sensitive to variations in A, even for changes in the
order of magnitude. Only the tails of the curves at
high ionic strength are pushed slightly upwards when
A —> o= (the cempletely diffusion-controlled case). An
increase in D, however, lifts the curves proportional-
ly to iU 2, except at low ionic strength in the absence
of Mg®* when they are lifted proportionally to D,
(cf. curves b and c of fig. 2). Thus D, is the important
independent parameter of this model.

5. Ymplications and extension of the model

Our calculations [3,4] were intended to givea
more detailed picture of the Richter and Eigen model
[21. In arecent contribution Schranner and Richter have
also extended this model using a steady-state assump-

tion. The similarities and differences between the
approaches are now fairly obvious. There is no funda-
mental difference between a mean-time and a steady-
state calculaiion which is also indicated by the con-
vergence of our results [4,5], when due account is
taken of t2ie competition effects from the unspecific
binding which Schranner and Richier have neglected.
There is one significant difference in the underlying
assumptions, however. We use an intrinsic dissociation
rate, A, which gives a physical significance also to the
very shortlived dissociations which do not contribute
to the global rate A. These rates are related as

A=2A[1 — 5(0)] :_mx/[bk In(R./b) + 11, G.1)

as 1 — (0) from eq. (3.1]) is the total fraction of dis-
sociations leading to a global dissociation. It is this
rate A which should be identified with the dissociatior
rate A used by Schranner ané Richter [5].

The general theoretical justification for and implica
tions of this intrinsic rate have been discussed else-
where [11]. As long as the association is diffusion
controlled, AfA <€ 1, there will be a great many local
dissociations (given by Q) to each global one (given by
A). During each local dissociation, the particle will
be free in solution and able to move with (almost)
the free diffusion constant D. This possibility is
neglected in the steady-state approach of Schranner and
Richter. The fact that our resulis are still convergent
depends on the approximation leading to eq. (3.4)
which was equivalent to the assumption that the local
dissociations did not involve any movement along the
chain. Thus, while our calculations {4] did contain all
the information about the correlated motion, in the
final step it was approximated away. While this approx
imation gave a consistent estimate of Dy it was depen-
dent on the assumption of a strongly diffusion-con-
trolled unspecific association. This may not be the
case for higher jonic strength when the competition
eifects will lower the intrinsic reaction rate. Below
we shall give an estimate of the influence from the
local dissociations which have been neglected previousl

During each visit to the chain, the particle will
travel the mean distance

Iy =20 /N)V2. G2)

Neglecting, for simplicity, the effects of the electro-
static potential well, we can use 7, of eq. (3.15) to
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Fig. 3. The ratio between the specific association rates a5
given by the exact formula eq. (5.5) and the approximative
one, eq- (3.4 as a function of A& Also the corresponding
jonic strength 7= or J© is given, according to the data of

cases (3} or case (b) of Hg. 2. Al curves are with In(R /by =
2.3, (@) AL2 /52Dy = 105, (B AL? xR0y = 105, (&) AL3 %y
= 107, These curves may still contain approximation errors
of {at most) 10%.

estimate the mean distance along the chain that the
particle will travel during each local dissociation

1, = (D7 )2 = R {2 (R /D)

X[1 +bk In(R /801142, (5.3)
Hence,
I fly = [ R JBID AR, 5.49)

@, M.)’ 12 5 essentially the effective range of the
operator [2] which for low ionic strength is of the
order of 10° A, for higher ionic strength it must be
smaller. R, is also ~10° & [4]. Consequently
1, 21 and at Jeast at high ionic strength the local
dissociations may contribute significantly. Their efv
fect Is not as easily evaluated as that given by the
strict one-dimensional diffusion since the repressor
cannot test all binding sites within 7, during a local
disspciation.

The discussion above can only give a very crude
estimate of this effect. Going back to the full expres-
sion for ¥ from ref. [4] we have

2= 2 —1
- A (L) {2 j’s!:) _ ]
=25 (m, g 252} a-e| 63

where @, = P72 /L?) and
oy o BE I K () — Kooy ()
1B Ig(re3K  (nB) — Kglrea) i1 o) °

5.6)

with e =R /L and g=wb/L.

A numerical investigation of the sum in eg. (5.5)
shows that the previously used approxirnation
(w0, = ¢ = #(0)) is good for all values of the param-
eter ¥k as long as AL? Dy < 105, For larger A the ap-
proximation underestimates &k, e.g. witha factor%
for AL2/Dy = 10% and bk = 10 (cf. fig. 3). This effect
is obviously small and can be interpreted as a slightly
erratic jonic-strength dependence of Dy in the approx-
imation of eq. (4.2).

The curves of :5§ 2 are not much affected as they
were drawn for AL /Dy < 105, The fit of curve ¢ with
the data points can be greatly improved, however, if
A is chosen larger and the effect discussed above is in-
cluded. A choice of a larger A would also be consistent
with the observation in the previous section that the
intrinsic binding could be weaker in the absence of
Mg2*. More detailed experimental data is needed,
however.

The screening effects have been neglected in the
discussion of the Iocal dissociations above. Using 7 as
a measure of their influence, it can be shown from
eq. (3.14) that only when the screening length x 15
snuch larger than the reaction radius b will therebea
significant departure from 7, of eg. (3.15); i.e. again’
for ¥ << 0.01 M which is outside the range of existing
experiments.

While the effect of the Jocal dissociations may not
give a significant contribution to the association mte,
it is important to point out that the one-dimensional
diffurion along the chain is #ot an uninterrupted
process during the time A while the repressor is
bound in a global sense. The distance travelled in each
local disociation is actually Iarger thanp the uninter-
rupted diffusion length (2D, /A)/2, which can be a
fairly small quantity. Although the whole process can
be described by a phenomendlogical diffusion constant
Dy, not much different from the D of the strictly
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one-dimensional motion, these distinctions must be
borne in mind if experiments are designed to observe
the diffusion along the chain and measure Dy.

6. Discussion

The ionic-strength dependence of the lac repressor-
operator association has been desived for the sliding
model. As it turns oui, the effects from the screened
potential on the free diffusion are negligible for all
but the lowest ionic strengths for which there are no
experimental data. The important contribution comes
from the competitive binding of ions to the unspecific
DNA sites. The result is dependent on the intrinsic
reaction rates 2aDbk and A which are not yet ade-
quately known. They can be deiermined from the ex-
tent of diffusion contirol exhibited by the unspecific
binding. So far, only the combination A2aDbk « K
is independently known. A good qualitative agreement
between the predictions of the mode} and the experi-
mental data can be achieved without a knowledge of
the intrinsic rates, however, and they will be important
only for the finer details of the curves.

" The need for these intrinsic reaction rates follows
direcily from the theory of diffusion-controlled asso-
ciation [11]. They also give rise to a more curious ef-
fect: the enhancement due to the local dissociations
as discussed in section 5. Fortunately this effect is
very small for the parameter values which appear
reasonable in the lac repressor case.

The result indicates that the repressor movement
along the DNA chain is an order of magnitude slower
Dy~ 10710 cpy2 s‘l)in the absence of Mg2+- I
this interpretation is correct, also the intrinsic binding
should be weakened such that A would be larger in
the absence of Mg2+ than in their presence. On the
global scale, however, this effect is masked by the
fact that Mgz+ is a competitor to the repressor for
the DNA sites.

Due to the complicated geometry of the DNA
chain in solution, we have to work with unspecific
dissociation rates at three different levels. First, the
intrinsic rate A describing a local dissociation which
can be followed by a more or less immediate reassocia-
tion. Then there is the rate A for the dissociations
leading to reassociation to an uncorrelated chain seg-
memt. The dissociation rate measured in a temperature-

jump experiment, however, is again another entity,
kp =K k, - Here & 5 is the unspecific association
rate determined by the size of the DNA coils in solu-
tion [4].

In response to the critisisin of Schranner and Richter
[5] of our usage of mean times, it should be stressed
that this represents no fundamental difference from
their steady-state approach. Mathematically, both
methods correspond to the limit s > 0 in a Laplace-
transformed solution and, as long as there isa
dominant relaxation time in the system, both methods
should pick it out accurately. The mean-time calcula-
tions, however, employ well-defined boundary condi-
tions without the introduction of an ad hoc surface
where the concentration is constant. The essential dif-
ference between our methods lies in the different
constraints used for the coupling between the one-
and three-dimensional diffusion. We consider our usage
of intrinsic reaction rates theoretically better founded
and intuitively more clear than the division of flows
used by Schranner and Richter.
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